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Hybrid Control Scheme for Maneuvering
Space Multibody Structures

P. Di Giamberardino* and S. Monaco'
University of Rome “La Sapienza,” 00184 Rome, Italy

and

D. Normand-Cyrot
Ecole Supérieure d’Electricité, 91190 Gif sur Yvette, France

A hybrid scheme is proposed for the configuration control of a space multibody structure actuated by internal
forces. The hybrid controller results from the combined action of a continuous inner loop and a digital external
one. The continuous feedback is designed to obtain a computable sampled model; then a digital multirate control
strategy is computed by inverting the input-to-state map to achieve the desired orientation. Simulation results are
presented to emphasize the performances of the control scheme.

I. Introduction

TARTING from the firsts results in the 1980s, nonlinear meth-
ods today provide a powerful set of tools for solving control
problems in several applicative domains.!-2

Configuration control of articulated orbiting structures is an ap-
pealing case study for the more recent control techniques. Actu-
ation by internal forces and torques represents a nonholonomic
constraint on the dynamics that render the problem not directly
solvable by either classical control methods or more recent non-
linear approaches>* In fact, in this case the dynamics is nonlinear
without controllablelinear approximation,and nonlinearinversion-
based methods fail because of the presence of zero dynamics, which
is not asymptotically stable.

A major contribution to the control of nonholonomic systems
came from the research on wheeled mobile robotics: the absence of
sideway motion for a wheel represents a nonholonomic constraint.
The relevance of the problem in mobile robotics stimulated a wide
research effort, which has given most of the results that are known
today.>~® The approaches proposed for such a class of systems are
based on the so-called kinematic model, i.e., the differential rela-
tionship between velocity and position variables.

In spite of their relevance in several real cases, the control of
nonholonomic dynamics in space applications remains little inves-
tigated. A firstapproachto configurationcontrol of multibody space
structures can be found in Refs. 9 and 10, where an open-chainme-
chanical structure composed by bodies linked by revolution joints
was considered. A structure composed of three links was studied
in Refs. 11 and 12, where different design procedures were pro-
posed starting from the dynamic model and the kinematic one, re-
spectively. A two-step design procedureis presented in Ref. 11 by
separating the actions for achieving the desired configuration and
orientation, while in Ref. 12, following the approach proposed for
mobile robotics, a control strategy from the velocity variables is
computed.

Following the approach proposed in Ref. 11, more recent
papers'®!* studied the nonplanar problem, with more emphasis on
the modeling difficulties.

In this paperitis shownhow the digital controlapproach proposed
in Ref. 15 for solving the motion planning problem can be extended
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to the control of articulatedstructures. The general design procedure
asproposedinRef. 16 consistsof a preliminary continuousfeedback
to get an exactly computable sampled model, followed by a digital
controller. The resulting control law is piecewise continuous. The
feasibility of the design procedure results from a suitable relation-
ship between the kinematic and dynamic models of nonholonomic
mechanical structures. With respect to the solutions proposed in
Refs. 11 and 12, our controller provides the torques for achieving
simultaneouslythe desired configuration and orientation.Moreover,
with respect to the inversion-based design technique proposed in
Ref. 11, our control strategy admits an iterative implementation that
is viable in presence of perturbationsand model uncertainties.!”
The paper is organized as follows: In Sec. Il it is shown that the
Lagrangian model of the multibody structure is feedback equiva-
lent to a particular form, here called linear analytic and driftless
under integral control. Section III briefly addresses the design of
the mathematical model used in Sec. IV, for control purposes. The
continuouscomponentand the piecewise constantpart of the control
law are computed in Secs. IV.A and IV.B, respectively, whereas the
whole expression of the piecewise continuous feedback is given in
Sec. IV.C. Section V is devoted to discuss some simulation results
briefly.
II. On Feedback Equivalence of Nonholonomic
Mechanical Dynamics

In this section the relationship between the kinematic equations
and the dynamic models is investigated. The dynamic model will
be proven to be equivalent to a suitable extension of the kinematic
equation. Although the final result here obtained is substantially
the same as in Ref. 18, it is here achieved showing the full trans-
formation instead of using a projection onto a particular subset of
the state space. Such an equivalence is at the basis of the design
procedure proposed in Sec. IV; moreover, it is useful when generic
underactuated structures with external inputs are considered.

The class of the nonholonomic constraints here considered is
described by the expression

o(§E =0 1)

where & is the n-dimensional vector of generalized coordinates and
o(-) is a (k Xn) matrix whose entries are real valued analytic func-
tions. Equation (1) models the fact that at each point & there are &
directions along which no evolution is allowed because of physical
constraints,as nonskidding wheels or angular momentum conserva-
tion. In other words, at each configuration & infinitesimal displace-
ments in only (n — k) directions are possible. This local restriction,
however, is not reflected in a reduction of the reachable configura-
tions. A well-known example of such a behavioris the motion of a
car: it cannot move sideways, but any point can be reached after a
proper maneuver.
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From Eq. (1) the so-called kinematic model can be computed:

n—k
E= D Ki(&vi =K (©u @)
i=1
where K (&) is a n X(n — k) matrix whose columns K;(&) are a
basis for w(&)* [i.e., o(E)K(E) =0 for all £ € R"]. Then Eq. (2)
simply defines the admissible directions as any linear combination,
with coefficients u;, of the K;(&)s.

Nonholonomic kinematic models can be used to check the ad-
missibility of a given trajectory &(f), t € [fo, t,]: it must satisfy
Eq. (2) for certain values uy, ..., u, . Moreover, it is possible to
generate admissible paths by integrating Eq. (2) once u(t) is chosen,
or compute u(?) in order to generate a path connecting two prefixed
positions & and &/ (motion planning problem). Examples of such
applications can be found in Refs. 7, 8, and 15.

From the practical point of view, the implementation of a con-
troller designed on the kinematic model requires an additional reg-
ulator generating the needed torques.

With the purpose of getting a direct design procedure, a straight-
forward idea brings about the modification of the kinematic model
[Eq. (1)] by adding integrators on the input variables, thus getting

& =K(&)u, u=a 3)

Equation (3), denoted LADIC (linear analytic and driftless under
integral control), defines a model with acceleration inputs in suit-
able coordinates, which must be expressed in terms of the actual
control inputs.

To this purpose the LADIC form can always be achieved un-
der feedback and coordinates transformations starting from a
Lagrangian model subject to nonholonomic constraints, as shown
next.

Starting from the dynamics of a mechanical system derived using
a Euler-Lagrange approach in the generalized coordinates 0,

0=—J""(O)[F(6,0) + G(0) — o (O)L — B(O, O)z] (4)

it is possible to compute, from the state space representation of
Eq. (4) in the variables (0, Q)T, a change of coordinates and a
static-state feedback, which transform Eq. (4) into Eq. (3) and vice
versa.

Theorem 1: Nonholonomicdynamics in the form Eqs. (3) and (4)
are feedback equivalent.

Proof: Consider the m-dimensional distribu-
tion D = [w(0)J 1 (O)]*; let {y1(0), ..., yu(0)}, m =(n —k), be
abasisof D,i.e., D =span{y,(0), ..., y,(0)}. Then, we can define
the n Xn matrix

7/ ()
T T 9)
Hoy =| WO |7 5
(6) o(6) o(6) 5)

a(0)

We will show that the coordinates change:
u .
¢=0, (ﬁ) =H(0)6 (6)

with u € R™, i € R*, and the state feedback
t=c"'(& wla = b(&, u)] M
with
b u) = 7" (&K &Eu — v (&I EFIE, K(&)ul
—77(&)ITH(EEG(E)

c(&u) =y (&I (EBIE K(&)u]
for a suitable choice of K (), transform Eq. (4) into Eq. (3).

To prove that Eq. (6) is a change of coordinates, it is sufficient to
prove the nonsingularity of H(0) for all 6 € R". For this aim note
that singularity occurs if and only if there exists at least one row of
o(0), say ;(0), such that o7 (0) €D, i.e.,

o;(0)J (0w (6) =0, Vj € [1, k]
But J(0) is the inertia matrix and thus positive definite; hence,
;(0)J ' (0) ! (0) is always different from 0 for a; (0) #0, and the
nonsingularity of H(6) follows.

The existence and invertibility of Eq. (7) depend on the nonsin-
gularity of the matrix c(&, u). This property holds if the system has
as many actuators as admissible degrees of freedom, because full
actuation implies that all of the matrices involved are full rank.

The inverse change of coordinates is then given by

0=¢ 9=H“(9)|9=§(;) =H“(§)(;)

and because i =0 by construction, denoting by K (&) the first
m =n — k columns of H (&), it becomes

=2 0=K(&u

In the new state variables Eq. (4) takes the form

E=0=K(u

i =[7"(0)0+ 7" (08007~ k@ur
=[7"(00-y"(0)J ' (OF(6,0)—y"(0)J'(0)G(0)
+ 70T (OB, )]0 — (e k(e
=71(&K©u =y (&I (O FIE, K (&u]
—71(&OITTEGE) + 7T (&I (E)BIE K(§ulr

=b(& u) + c(& u)t

which, under the feedback [Eq. (7)], reduces to Eq. (3).

To end the proof, we have to show that the subsystem & = K (&)u
actually representsthe kinematic model. Starting from the definition
of H(&), one has

778
(&)

_((rTOKE (1 0

o(5)K(E) * 0 I
from which w(&)K () = 0 follows, according to the already intro-
duced definition of kinematic model. O
Remark 1: Equation (3) is not unique, i.e., there exist different
choices of state variables and related feedback laws that give the
same structure. In fact the proof of Theorem 1 holds also if y 7(&) is
replacedby Q(&)y T (), for any nonsingular (m X m) matrix Q(&).

Equivalently, Eq. (3) is invariant under coordinates change of the
form

H(OH™'(&) = ( )(K(é) *)

& =T¢, u'=Q(&)u

and feedback
a =0 \(T7'&d + QN (T™' e

for any nonsingular matrices 7'(n Xn) and Q(&) (m Xm).
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v

Fig.1 Mechanical structure for N = 3.

III. Planar Three-Link Mechanical Structure

Consider the planar structure composed by N rigid bodies inter-
connected by frictionless revolution joints, defining an open kine-
matic chain. Such a structure, for N =3, is depicted in Fig. 1. As-
suming as control inputs the torques at the joints, the conservation
of both the momentum and the angular momentum follows. Both of
them can be assumed, without loss of generality, equal to zero. The
mathematicalmodelis computedin the sequel according to Refs. 10
and 11.

In a Lagrangian formulation the absolute angles 6, of the N
bodies define a set of generalized coordinates, and the vector
0=(6 ---0y)" completely describes the instantaneous configura-
tion of the structure.

For the present case the potential energy is zero, and the
Lagrangian takes the form

L(6, 0) = %QTJ(Q)Q
where J(0) is the inertia matrix, whose entries are'!
I; if i=j
T O =14 0. — @) + h2_ sin(0;, — 6 if i
i cos(6;, — 6) i sin(6;, — 6) i i EJ
and coefficients k! A2 such that J; ;(0) = J; ;(6).

Lety; =64, —6,i=1,..., N — 1, be the relative angles be-
tween the link L; and L, and denote by y the corresponding
(n — 1)-dimensional vector.

Defining the (N — 1) X N full rank matrix P by

-1 if i=j

0 otherwise

i=j—1

the relationship between 0 and y can be written as
v =PoO

Denoting, finally,by t =(z, - -7y )7 thejointtorques,the mo-
tion equations for the unconstrained system become

4T T
d|oL(6, 0 oL(6,0
- ( .a ) _ ( ’ ) =PT‘C
dr 00 00
which can be rewritten as

J(0)0+ F(6,0) =P"¢ 8)

where PT 7 represents the vector of the generalized torques.
The constraint expressing the conservation of the total angular
momentum must be taken into account. It takes the form:

17J(0)0 = 0(6)0 =const =0 )

where 17 =(1 1 - 1) is the unit n-dimensional row vector.
Equation (9) can be considered, for its form, as a classical non-
holonomic constraint >

Finally, in our case the mathematical model takes the form Eq. (4),

with
G(0) =0, B(6, 6) = PT, A=0

In particular, the condition A =0 means that we are not dealing
with a real nonholonomic system, but with an underactuated one
that can be assimilated to a nonholonomic system by means of the
constraint (9). That is the reason why in this context the design
procedure proposed here can make use of some tools introduced in
the framework of nonholonomic mobile robotics.

We will refer to the three-links open kinematic chain depictedin
Fig. 1, whose mathematical model is given by Eq. (8) with N =3.
In the state-space representationit takes the form

0\ _ 0
0]\ —JYo)[F6, 0 - PT]

We will apply Theorem 1, with H in Eq. (5), given by
H(O P
(0) = 17J(6)

because PJ ~'(0)J(6)1 = P1 =0. Then one obtains

& 0 0 0
u |= ( ) = PO =| Po (10)
H(6)0 .
17706 0

with £ €R?, u € R?, and 7 € R.
The inverse transformationis given by

. _ u
0=2¢, 9=H1(5)(ﬁ) =K(u
where K (&) is composed by the first two columns of H™(0)]o- &
After the coordinates change the system becomes
& =0lp_k. =K(Eu
it = POl oy —exienr = —PJI T (EFIE K(Eu]

+ PJTYEPTt =b(& u) + c(E)T

where c¢(&) isanonsingular(2 X 2) matrix. The structureasin Eq. (3)
is then obtained under the feedback

t=c"'(&la - b(& w)]
=[PITN(OP I Ha + PITHOFIE, K(&)ul) an

The numerical data assumed for the mechanical structure under
study are the ones in Ref. §, noted in Table 1.
Then the inertia matrix is

4 3cos(6, — 6) cos(6; — 6)
J(0) =| 3cos(6 — 6) 8 3cos(65 — 6)
cos(6y — 6) 3cos(65— &) 4

and, by computations, one has

Table 1 Numerical data for the inertia matrix
of the structure

I A1 2 3 m 1 2 3
=4 1 — 3 1 1 — 0 0
L=8 2 3 — 3 2 0 — 0
I3=4 3 1 3 — 3 0 0o —
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32 —9cos?(63) 3cos(63)cos(Brz)—12cos(6,)
16 — cos?(0,3)

70 =~ *
A
*
where
O =6 — 6, O3 = 6 — 6, Oz =05 — 6

A =128 —36cos’(6 — 6) — 36cos* (6 — B) — 8cos? (6 — 6,)
+ 18cos(6 — 6y) cos(65 — 6) cos(6s — 6)

and

T
o dJ®, 1{o )
F(6,0) = d(t )9— E(E[QTJ(O)Q])

—3sin(6 — 91)922 — sin( 6 — 91)932
=] 3sin(6 — 91)912 — 3sin(6 — 92)932
sin(6; — 6) 0 + 3sin(6 — 6,)02

Computing the coordinateschange [Eq. (10)] and the state feedback
[Eq. (11)], the LADIC structure Eq. (3) is achieved, with

[—12 = 3¢12(&) = c13(8) — 6cx3(E)]1/d(E)
[4 4+ 3¢12(&) + c13(H)1/d (&)
[4 4+ 3¢12(8) + c13(H1/d (&)

K@) =

where

d(&) =16 + 6¢12(8) + 2¢13(&) + 6¢23(8)

c2(8) =cos(& — &), c13(8) =cos(& — &)
€23(8) =cos(& — &)

As intuition suggests, K (&) does not depend on the values of &,
&, and & separately, but only on the relative angles y; =(& —
&) =(6 = 6) and v, =(& — &) =(6; — &) already introduced.

Thus a new state-space transformation can be performed, taking
as new state variables vy, y», and one of the &;. If &, is chosen, i.e.,
the central body orientation, defining the new coordinates

Vi -1 1 0
& 0 1 0
while u is left unchanged, one obtains
X =K(x)u (13a)
uw=a (13b)
where
1 0
K(x)=TK@&)|;er1, = 0 1 =) 1rnk)
si(x)  $(x)
(14)
with
) 4 + 3cos(x;) + cos(x; + x,)
si1(x) =
: 16 + 6 cos(x;) + 6.cos(x,y) + 2cos(x; + x;)
443 + +
5(x) = cos(x,) + cos(x; + x,) (15)

16+ 6.cos(x;) + 6cos(x,) +2cos(x; + x5)

9 cos(bh2) cos(6r3)—8 cos(6i3)
3cos(6,) cos(6i3) — 12 cos(bs)
32 — 9¢os?(6,)

and
1 0
7i(x) = 0 , 72(x) = 1 (16)
s1(x) S5(x)

without loosing the LADIC structure, according to remark 1 with
Q(&) =1 and T asinEq. (12).

IV. Piecewise Continuous Control Law for Attitude
and Configuration Control

The present section deals with the design of the controller for
achieving the desired attitude and configuration. After a prelimi-
nary study of the solvability of the problem and some remarks on
the computationsand the properties of the sampled model, the com-
putation of the control law is developed in Secs. IV.A and IV.B.
More precisely,in IV.A it will be shown that the LADIC model (11)
can be transformed, under feedback and coordinates change, into
a computable sampled dynamics. Such a feedback and coordinates

[—4 = ¢13(8) — 3¢3(§))/d(&)
[-4 - c13(8) — 3023(5)]/d(§)
[12 + 6¢12(8) + ¢15(8) + 3¢3(8)]/d(&)

transformation constitute the inner loop of the control scheme here
proposed and depicted in Fig. 2. On the basis of the sampled model,
aninversiontechniqueis appliedin Sec. IV.B to compute the control
law for achieving the desired orientation and configuration.

The existenceof a solutionto our control problemresults from the
full accessibility of the dynamic model (13a, 13b), i.e., the existence
of a control law thatbringsthe state from any initial value to any final
one. At this end we recall from Ref. 20 that the kinematic model (2),
representedin the presentcase by (13a), is fully accessibleif the Lie
algebrageneratedby y,(x) and y,(x) inEq. (14) has dimensionthree
at each point x of R3. Recalling that the Lie product of two vector
fields 7, and 7, in local coordinatesis [z}, 7,](x) = (0 7,/0x) 7, (x) —
(071/0x) 2(x), the computation of [y1, 72](x) and [y1, [, 7211(x)
can be easily performed. After computations, two vector fields are
obtained, with only the last component different from zero, and are
given by

n1(x)/2[8 + 3cos(x;) + 3cos(xy) + cos(x; + x,)
with
ni(x) = —12sin(x;) — 9cos(x,) sin(x;) — 3 cos(x; + x;)
— 12sin(x,) — 9 cos(x;) sin(x,) + 8sin(x; + x,)
—3cos(x; + x,) sin(xy) + 3 cos(xy) sin(x; + x3)
+ 3 cos(x,) sin(x; + x,)
for [y1, 72](x), and
ny(x) [ 4[8 + 3 cos(x;) + 3cos(x,) + cos(x; + x)]°
with
ny(x) = —84 — 165cos(x;) + 27cos(2x;) — 81 cos(x; — x,)
—36¢c0s(xy) + 11cos(x; + x,) + cos[2(x; + x,)]
+ 12 cos(2x; + x3) + 15cos(x; + 2x5)

for [y1, [y1, .11(%).
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Discrete Piecewise Piecewise
time constant continuous
input input inputs
\ LS V0000
\ \ 7 N
\ N 7 N
] ¥ gl M
Discrete w[k] W(t)| Feedback a(t) Feedback |7 (t) | Euler-Lagrange
feedback [— Holder |—p» — ] model
i (4.5) (2.7)
(4.10) H (2.4)

A

i(@(txé(t))é

Coord. transf.
(2.6)

(Eult)) |

transf.

Discrete time sampled model

LADIC Coord. transf.

Fig.2 Control scheme.

On this basis it is not difficult to verify that the dimension of

(r1, 72, [r1, 721, [ [ 21D (%)

is three everywhere, so that Eq. (13a) is fully accessible. Full ac-
cessibility of the dynamic model (13a) and (13b) follows Ref. 20,
and because of the use of the invertible feedback [Eq. (11)], the full
accessibility of Egs. (13a) and (13b) follows too.

In conclusion there exists a control law that brings the state from
any initial value to any final one, i.e., the problem of computing a
control law for a reorientation and reconfiguration maneuver of our
articulated structure is always solvable.

As announcedat the beginning of the section, before starting with
the design procedure some recalls on sampling are in order. Given
a nonlinear dynamics of the form

X =f(x)+ Z u; gi(x) (17

i=1

withxEM c R",u€UcR", f, g1, ..., &, are real analytic vec-
tor fields on M < R". Assuming piecewise constant inputs over
the time intervals [k&, (k + 1)d[, the solution x[k + 1] at time
t =(k + 1)6, starting from x[k] at time r =k, at least for small
values of dis an analytic function Fs : M XU — M, which defines
the equivalent sampled model of Eq. (17) (Ref. 21):

x[k + 1] = Fs(x[k], u[k]) (18)

Definitions'®: If the function F; is defined for any positive 6,
then it will be called the sampled closed form of Eq. (17) or its
equivalent exact sampled model. A particular case occurs when Fj
is a polynomial in & of finite order k. In this case it will be called
the finite equivalent sampled model of order k of Eq. (17).

According to Ref. 16, as can easily be verified, if Eq. (17) ex-
hibits a polynomial subtriangular structure [i.e., each component
fi(x, u) is polynomial in its arguments, and under possible reorder-
ing, f;(x, u) does notdependon x;, j =i, ..., n], then it admits a
finite equivalent sampled model and vice versa.

The finite discretizability property can be extended, consider-
ing a state feedback and a coordinates change, according to the
following definition.

Definition: A dynamics [Eq. (17)] is said to be finitely feedback
discretizableif there exista state feedbackand a coordinateschange
under which the system exhibits a polynomial subtriangular struc-
ture.

A. Continuous Inner Feedback
Let us preliminarily consider a dynamics of the form

X = f(x,u) (19a)
u=G(u)a (19b)

with inputa € R".

Lemma 1: If Eq. (19a) is finitely discretizable under feed-
back u = B(x)v, the same property holds for the extended system
Eqgs. (19a) and (19b).

Proof: If a feedback u =f(x)v and a coordinates change z =
®(x) transform X = f(x, u) into

‘ {acb(x)
Z =

3 f[x,ﬂ(X)V]} =D(z,v)
X

x=0"1(p)

with D(z, v) polynomial subtriangular, then the feedback
a=[7'(x)Gw)] ' [w -~ (x)u]

and the coordinates change

2y [ D)
() - (ﬂ“mu) o

applied to Egs. (19a) and (19b) give

( z) 0P fx, w) ( D(z, v))
. = ax =
B (ou + B (x)G(u)a

(z,v)
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which is polynomial subtriangular. Indeed, the polynomial form is
preserved, and, after reordering, from

() =(D<Zv>)

it is easily understood that subtriangularity is maintained too. The
finite discretization property follows. O

From Lemma 1 it immediately follows that finite discretizability
of Eq. (9) implies the finite discretizability of Eq. (10). Finally,
because of Theorem 1, Proposition 1 follows:

Proposition 1: The finite feedback discretizability of Eq. (9) im-
plies the finite feedback discretizability of Eq. (11).

With this in mind let us go back to our case study and considerthe
kinematic model in Eq. (13a). It is a matter of computation to verify
that it takes a polynomial subtriangular form under the following
feedback:

1 0
2
Ly, M) 1
Ly, oLy AMx)  LyyoLyoMx)

u=pxy=

and coordinates transformation

transform Eq. (16) into a polynomial subtriangulardynamics of the
form
2 =V,

21 =y, Vy =Wy

(23)

3 =2V, vy =wy,

Equation (23) admits a finite sampled model, which is computed in
the sequel.

B. Piecewise Constant Feedback

For finitely discretizable dynamics the problem of computing a
control law for steering a given initial state x’ to a final one x/
in finite time 7' can be addressed as follows. Assume any input u;
piecewise constant over intervals of amplitude T/r;, i =1,...,m
and compute the sampled dynamics

x[k + 1] =Fr(xlk], up [k], ... ou K], .. uma (K], .. s, [KD

= Fr(x[k], a@[k]) (24)

Equation (24) defines the so-called multirate sampled model,”
which is finitely computable if the usual sampled one is.

In Eq. (24) x[k] and x[k + 1] are linked by an increased number
of independentvariables. From any giveninitial state x[k] =x', any
state x/ belonging to the image of Fr(x‘, -) can be attained in T

X1 instants of time, i.e., x/ =x[k + 1]. If in particular the choice of the
z2=2Z(x) =] LyunMx) overdimensionedrate on the input channels gets Eq. (24) invertible
A(x) at x’, one uniquely computes
where ikl = F;'(x', x7)
N [ V616 — 12cos(x)Im(x, x5) + (31 — 6x, — 12x3)r(x,)} [-8 — 3cos(x,) + sin(x))]?
(x) = 6r(x,)[=3 — 4cos(x,) + 12sin(x,)]
with
r(x;) =\/39 + 28 cos(x;) + 3 cos(2x;)
and

m(x,, x,) = arctan

VBr(x)

One has

21 =V, 2 = Vo, 3 =22V

According to Lemma 1, the state feedback
a = BB~ (x)u + pw

0 0
d L3 Ax) d 1
dt Ly,yLyyAMx)  df Ly,Ly,0A(x)

X

1 0
u
L} o Mx) Ly Ly A(x)

1 0
L}, M) 1 @1
Ly, LyyyMx) Ly Ly Ax)

—+

and the coordinates change

z Z(x)
() - (ﬂ“mu) >

-52 — cos(/4 —x;) +3cos(3n/4 — x;)
— arct

sec(x,/2)[3sin(x; — x,/2) — sin(x; + x,/2) — 10sin(x,/2)]
an

Vor(x)

With reference to our case study, starting from Eq. (23) the finite
sampled dynamics (18) is given by

2lk + 11 = 2, [k] + v, [k] + (&/2)w[k]

2alk + 1] = zo[k] + Svy[k] + (8 /2)w[k]

2k + 1] = z3[k] + Szolk]vi [k] + (8 /2) (v, [kIv, [K] + 25 [kIw [K])
+ (813D Qw, [kIvalk] + vi[kIwa[k]) + (8' /413w [k]w,[k]

vilk + 1] = v [k] + 6w, [k]

vaolk + 1] = v, [k] + 6w, [k]

With the choice of r; =2 and r, =3, an invertible map F(x', -) is
obtained with the following assumptions on the control variables:

Wi if 0<tr<?2
wi k] = .
Wi if 20<t <46
Wo if 0<t< o
wolkl =dway  if  S<t <36 (25)
W3 if 36<t< 4o
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with 6=T/4 to be fixed according to the planned time duration of
the maneuver.
In this case the expressionsfor the controls (w,;j) are obtained by
inversion of the multirate sampled dynamics
[k + 1] =z [k] + 46v,[k] + 65w, | + 28w,
2ok + 1] = z5[k] + 46v,[k] + (5/2)(Twyy + 8way + Wa3)
23k + 1] = z3[k] + 46z, [k1v, [k] + 28%(4v, [k]v,[k]
+35[klwy + 2aklw ) + (8/6)(88valk]w, |
+40v, (kw5 + 37v [klwy + 26V [k]w,, + vi[k]w, ;)
+ (54/24)(281W171W271 + 136W172W271 + 207W171W272
+ 129W172W272 + 8W171W273 + 7W172W273)

vilk + 1] = v [k] + 26w, | + 26w,

valk + 1] = v,[k] + Swa + 26wy, + Swys

identically equal to zero in the present case of a multilink structure,
as discussedin Sec. IIL, it will be computed during the simulations.
To do so, the following expression will be used: from Eq. (2), which
holds during all the motion, one has

d 17706 =0
dt -
that is,
177 (0)60+17J(0)0 =0
Then, taking into account Eq. (3), one has
174(0)0 + 17 [=F(6, 0) + J(O11+ PT7] =0
which gives

2 =[1TJO1 17 [-J(6)0 + F(6, §)] (28)

because 17 PT =0.
The values of the parameters are in Table 1, whereas the initial

giving and final positions are given by
i o _mied o _d-g 20— )+ 288~ — 2 4 2))
L1 = s L2 == 5 > 2,1 = : ;
4& 4& 35 1806*(—z] +z})
—[-28(4 + 738)(z] — 2)(—z) + 7)) + 2888 (]2, — ziz, — 2] + )]
Wao = z -
1808*(—z] +z})
. o gy D284 738)(z] — 2i)(—z) + 7)) +2888%(z) 2 — 2izh — 2] + 7))
2,3 =

(26)

once the initial and final values for the velocities v; are fixed equal
to zero (rest-to-rest motion). _

Equation (25) can be used every time that Zlf - Z’i #0holds. Oth-
erwise different multirate orders must be chosen to ensure the in-
vertibility of the dynamics [Eq. (24)]. This is the case of the second
simulation in Sec. V.

C. Complete Control Law

On the basis of these results, it is possible to compute the control
input 7 for system (3) as a feedback from the state variables (6, ).
In fact, according to all of the transformations performed, one has,
from Egs. (15) and (16),

r=[PJT(OP ] '[a + PI(O)F(6, 6)]
and for Egs. (21) and (22),
T =(PJYO)P) BT OB (TOPO+ B(TOW
+ PJTY(O)F(6, 0)] 27

Expression (27) defines the state feedback, which depends on the
piecewise constant external input w[k], for example, the one com-
puted in Eqgs. (26). Consequently, 7 is a continuous function over
each time interval [0, J], [8, 28], [28, 3], and [36, 45].

The final control scheme, composed by an inner continuous time
loop and a digital external one, is depicted in Fig. 2.

V. Simulation Results

Simulations have been carried out to show the effectiveness of
the computed controller. To verify that the multiplier A in Eq. (4) is

1806*(—z] +z})

02—m/2 0

0 = 0 , =0

n/2—-02 0
02—-n/2—-n/4 0
6 = 0 , 6/ =0
n/2—-02+ 7/4 0

The results of the simulation performed are presented in the fol-
lowing figures. Figures 3 and 4 depict the evolutions of the angles

1.9

rad LT

A

1A

|

I | |
0 0.5 1 15 2 25 3 3.5 4

Fig.3 Relative angles Yy = 6, — 0y and Y5, = 05 — 6.
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0 05 1 15 2 25 3 3.5 4

Fig. 4 Absolute angle 6,.

L R S R

L e T < ]

0.4

S W - - ]

-0.2

-0.4

-0.6
0 0.5 1 1.5 2 2.5 3 3.5 4

Fig.5 Piecewise constantinputw; and w;.

) 0.5 1 1.5 2 25 3 3.5 4

Fig.6 Control torque ;.

v, Wy, and 6, showing that the desired maneuver is smoothly
attained.

Figure 5 depicts the digital part of the control law.

Figures 6 and 7 depict the applied torques.

As pointed out in Sec. IV, the control law (22) is defined
for Zlf - Z’i #0. The second simulation, performed with the same
parameters values and with the following initial and final condi-
tions

£
A5 I I I i I i i
0
Fig.7 Control torque T,.
2.6 ,
rad | T
2.4 R H e
2.2 S :
e v
2 ................................ -
/
A
1.8
16
H : H : : t
1.4 L 1 1 | 1
0 0.5 1 15 2 2.5 3 35 4
Fig.8 Relative angles Yy = 6, — 0y and Y, = 05 — 6.
0.05
rad
0
. ; /
-0.05 ‘
0.4 e /
0,15 [reeeeenes -
s 5 ~— t
0.2 i i i
0 05 1 15 2 2.5 3 35 4
Fig. 9 Absolute angle 0.
-2 0 -2 0
0= 0 d=10] o= 0 /=|0
2 0 2+4+0.2 0

show thatin this case, by increasing the multirate order, the maneu-
ver is achieved maintaining the performances. More precisely, the
multirate order is here 4 on both variables w; and w,. In Figures 8
and 9 the evolution of the two joint variables y; and y, and of the
orientation 6, of the central link are reported.
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The discrete time external control is computed on the basis of a
multirate order of 4-4, and using a minimization criterion w.r.t. the
amplitude of the signals w; ;. The so-obtained piecewise external
controls are shown in Fig. 10, whereas the applied torques 7; and 7,
are reported in Figs. 11 and 12.

Figure 13 shows the behavior of the Lagrange multiplier A com-
puted during the first simulation, according to the expression (28).
The tolerance value for the simulation was fixed to 1075, As far as

2 T

0.5

2 ; ; 1 ;
0] 0.5 1 1.5 2 25 3 35 4

' ‘ J
0 05 1 1.5 2 25 3 35 4

Fig. 12 Applied control torque ;.

B -

! I i I | I ! I I
2.2 2.4 2.6 2.8 3 3.2 3.4 3.6 3.8 4

Fig. 13 Behavior of A during the first simulation.

the second simulationis concerned, the same kind of resulthas been
obtained.

VI. Conclusions

In this paper a piecewise continuous control law has been de-
signed for attitude and configuration maneuvers of a space multi-
body structure actuated by internal torques. The relationship be-
tween the kinematic and the dynamic model shown in Theorem 1
suggests a simple control design procedure for such a class of sys-
tems. First, under the action of a continuous feedback, a finitely
sampled dynamicsis obtained. Then by inversion arguments, a dig-
ital multirate control is computed.

Compared with the inversion-based design technique proposed
in Ref. 11, our control strategy admits an iterative implementation
viable in presence of perturbations and model uncertainties?

The hybrid scheme proposed here can also be extended to control
nonplanar structures because the properties studied in Secs. II-IV
still hold for such systems, with an increased computational com-
plexity.
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